Abstract. The author computes the Kleinberg sequences derived from the three different normal ultrafilters on δ Proof. After a brief look at Theorem 1.1 we realize that there is nothing to show if ℵ 1 has the strong partition property and (ℵ 1 ) ℵ 1 /µ = ℵ 2 for some (the only) normal ultrafilter µ on ℵ 1 . But the first assertion is a theorem of [69]
1. Introduction. Eugene Kleinberg linked the theory of partition cardinals to the Axiom of Determinacy AD by showing that the first ω +1 infinite cardinals satisfy certain large cardinal properties defined via partition relations. In fact, his proof did not actually use the Axiom of Determinacy but some of its consequences.
More generally, Kleinberg showed (for a proof, cf. [Kl77] , or [Sch99] for a more thorough presentation): Theorem 1.1. Let κ be a cardinal with the strong partition property and µ be a normal ultrafilter on κ. Let κ 1 := κ and κ n+1 := (κ n ) κ /µ. Then (i) κ 1 and κ 2 are measurable, (ii) for all n ≥ 2, cf(κ n ) = κ 2 , (iii) κ n is a Jónsson cardinal , and (iv) sup{κ n : n ∈ ω} is a Rowbottom cardinal.
Moreover , if κ κ /µ = κ + , then κ n+1 = (κ n ) + for all n ∈ ω.
Corollary 1.2. Assume AD. Then for all positive natural numbers n, ℵ n is a Jónsson cardinal and ℵ ω is a Rowbottom cardinal.
Proof. After a brief look at Theorem 1.1 we realize that there is nothing to show if ℵ 1 has the strong partition property and (ℵ 1 ) ℵ 1 /µ = ℵ 2 for some (the only) normal ultrafilter µ on ℵ 1 . But the first assertion is a theorem of In this note we shall answer these questions and compute the Kleinberg sequences derived from the ω 1 -cofinal and the ω 2 -cofinal measures on δ 1
3 . An important ingredient here is the exact knowledge of cofinalities of successor cardinals between δ 1 3 and δ 1 5 provided by [JaKh∞] .
Prerequisites and the Shifting Lemma.
To compute the Kleinberg sequences, we will use a substantial amount of knowledge about the behaviour of the projective ordinals and of the combinatorial theory below δ 1 5 under AD. Nevertheless, we try to keep the paper understandable for readers with a basic understanding of Determinacy and Large Cardinals by listing all theorems that we shall use later on in this section. Jónsson and Rowbottom cardinals are large cardinals in the sense that their existence implies the consistency of ZFC (and much more). They are not, however, large in the usual sense. They do not even have to be regular cardinals; in fact, all of the Jónssons and Rowbottoms appearing in this paper have cofinality ω. This is not just a feature of choiceless set theory: In the Příkrý (ZFC)-model obtained by generically adding a cofinal ω-sequence to a measurable cardinal, the former measurable cardinal is a Rowbottom cardinal of cofinality ω. For particular instances of the question "Is ℵ λ Rowbottom?" where λ is of cofinality ω, the consistency strength of a positive answer differs depending on whether or not you demand that the Axiom of Choice AC holds (cf. [Koe88] and [ApKoe∞] Theorem 2.3. Let κ be a cardinal with the strong partition property and λ < κ a regular cardinal. Then C λ κ , the filter generated by the λ-closed unbounded sets in κ, is a normal ultrafilter on κ. We call C λ κ the λ-cofinal filter or measure.
In addition, if κ is not weakly Mahlo, then these are the only normal ultrafilters on κ.
The reader was already informally introduced to Kleinberg sequences in Theorem 1.1. Now we fix our notation:
Definition 2.4. Let κ be a cardinal with the strong partition property and µ a normal measure on κ. We then define a sequence of well-ordered structures κ µ n : n ≤ ω as follows: As already mentioned in Theorem 1.1, all elements of a Kleinberg sequence are Jónsson cardinals, and κ ω is a Rowbottom cardinal.
We define the projective ordinals by 
is a normal measure on Theorem 2.6. Assume AD. Let E be the function recursively defined by E(0) = 1 and E(n + 1) = ω E(n) . Then for every n ∈ ω, +1 , and all odd projective ordinals have the strong partition property.
This computation gave rise to a detailed analysis of the cardinals between δ 1 3 and δ 1 5 that will be used in this note. The main tool of our computation will be the following theorem, which is an elaboration of the proof of the "moreover" part in Theorem 1.1:
Ultrapower Shifting Lemma 2.7. Let κ = ℵ α < λ = ℵ α+β , and let µ be a κ-complete ultrafilter on κ. Let γ be such that κ κ /µ = ℵ γ . Suppose that for all cardinals ν such that κ < ν ≤ λ the following holds:
(i) either ν is a successor and cf(ν) > κ, (ii) or ν is a limit and cf(ν) < κ.
Proof. The proof proceeds by induction on β. The case β = 0 is just the definition of γ.
For the successor step suppose that λ = ℵ α+β+1 and that
by the induction hypothesis. Thus every ordinal in λ κ /µ has cardinality ≤ ℵ γ+β , and consequently, λ κ /µ ≤ ℵ γ+β+1 . Now we look at the limit step, where χ is a limit ordinal and for all β < χ we have (
This shows the claim, since
As the backward inclusion is clear, we proceed to the other direction. Take
δ < cf(χ) be a partition of ℵ α+χ into sets of cardinality Card(B δ ) < ℵ α+χ none of which is cofinal in ℵ α+χ (e.g., the intervals determined by a cofinal sequence of length cf(χ)). Now define F δ := (f −1 )"B δ . Then F δ : δ < cf(χ) is a disjoint partition of κ into less than κ sets (by assumption on cf(χ)), hence by κ-completeness there is a δ 0 such that F δ 0 ∈ µ.
But B δ 0 was not cofinal in ℵ α+χ , so we can set β 0 := sup(B δ 0 )+1 < ℵ α+χ , and define f 0 (ξ) := min(f (ξ), β 0 ). Let β 1 < χ be the unique ordinal such that Card(
Note that the assumption of κ-completeness is only used in the limit step. Consequently, if we strengthen assumption (ii) to "ν is a limit and cf(ν) < η" for some η < κ, we can weaken the completeness assumption to η-completeness. This is particularly interesting in the case η = ω 1 , because ω 1 -completeness of any measure is a consequence of "All sets of reals are Lebesgue measurable" (and thus of AD). So, in the base theory ZF + AD, we do not have to make any completeness assumptions if the limit cardinals occurring in the applications of the Ultrapower Shifting Lemma have cofinality ω. Using the fact that δ 1 3 has the strong partition property by Theorem 2.6 and Kleinberg's Theorem 1.1, we obtain three Kleinberg sequences κ by Jackson and Khafizov in [JaKh∞] :
. . ≥ β n , be the normal form for α. Then:
and is a successor ordinal , then cf(ℵ α+1 ) = ℵ ω·2+1 , and • if β n > 0, and is a limit ordinal , then cf(ℵ α+1 ) = ℵ ω ω +1 .
We now come to the main result of this note: The case ω 2 works exactly the same way: We apply the Ultrapower Shifting Lemma 2.7, this time with α = ω + 1, β = ω ω · n + 1, and γ = ω ω + 1, and then check using Theorem 3.1 that there is only one possibility left.
Note that Theorem 3.2 together with the proof of Lemma 2.7 also gives some information about the lengths of several other ultrapowers: for instance, suppose that (ℵ ω·2 ) 
